THE COTTON TENSOR AND THE RICCI FLOW 

CARLO MANTEGAZZA, SAMUELE MONGODI, AND MICHELE RIMOLDI 

Abstract. We compute the evolution equation of the Cotton tensor under the Ricci flow of a Riemann- 
ian manifold, with particular attention to the three dimensional case, and we discuss some applications. 



Contents 

'^'' 1. Preliminaries 1 

T-H I 2. The Evolution Equation of the Cotton Tensor in 3D 2 

^ ' 3. Three-Dimensional Gradient Ricci Solitons 10 

4. The Evolution Equation of the Cotton Tensor in any Dimension 13 

^ I References 23 

^: 

1. Preliminaries 
^ '• The Riemann curvature operator of a Riemannian manifold (M", g) is defined, as in [5], by 

Q '. Riem(X,y)Z = VyVx^- VxVyZ + V[x,y]^. 

"^ ■ In a local coordinate system the components of the (3, 1)-Riemann curvature tensor are given by 
§ ■ ^ijk-i? = I^i«^™(^' ail) affe and we denote by RijM = gim^'^k its (4, 0)-version. 
, ^, . With the previous choice, for the sphere S*^ we have Riem(t;, w, v, w) = Rabcd.v'^wH^w^ > 0. 

—^ ■ In all the fwper the Einstein convention of summing over the repeated indices will he adopted. 

^ ' The Ricci tensor is obtained by the contraction Rj^ = g'^^^ijki and R = g'^^^ik will denote the scalar 

Qf^ . curvature. 

t:j- \ We recall the interchange of derivative formula. 



VJjLdk - V'jiOJk = Rijkpg^'^uj. 



q ' 



O ■ and Schur's lemma, which follows by the second Bianchi identity, 

^ 2/'?VpR,i = V,R. 

They both will be used extensively in the computations that follows. 

/\^ ', The so called Weyl tensor is then defined by the following decomposition formula (see [5, Chapter 3, 

^ ' Section K]) in dimension n > 3, 

" " " 1 T) 

(1.1) Rijki = — -^^(Rikgji — RiWjk + Rjigik — Rjkga) — -, — _ .w — ^^{gikgji — gugjk) + ^ijki ■ 

The Weyl tensor satisfies all the symmetries of the curvature tensor, moreover, all its traces with the 
metric are zero, as it can be easily seen by the above formula. 

In dimension three W is identically zero for every Riemannian manifold. It becomes relevant instead 
when n > 4 since its vanishing is a condition equivalent for (M", g) to be locally conformally flat , that is, 
around every point p G M" there is a conformal deformation Ijij = e^ gij of the original metric g, such 
that the new metric is flat, namely, the Riemann tensor associated to Ij is zero in Up (here f : Up ^ M. 
is a smooth function defined in a open neighborhood Up of p). 

In dimension n = 3, instead, locally conformally flatness is equivalent to the vanishing of the follow- 
ing Cotton tensor 

(1-2) Cijk = VfeRij - VjRjfe - , _ , (VfcRffij - VjRgik) , 
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which expresses the fact that the Schouten tensor 

^'' ~ ^' 2{n - 1) 
is a Codazzi tensor (see [1, Chapter 16, Section C]), that is, a symmetric bilinear form Tjj such that 

V fc -L jj — V j 1 fc J . 

By means of the second Bianchi identity, one can easily get (see [1]) that 

(1.3) V'Wii,fc = -^^Ci,fc. 

n — 2 

Hence, when n > 4, if we assume that the manifold is locally conformally flat (that is, W = 0), the 
Cotton tensor is identically zero also in this case, but this is only a necessary condition. 
By direct computation, we can see that the tensor Cijk satisfies the following symmetries 

(1-4) Cjjffc = —i^ikj, ^ijk + Cjfcj + Cfcjj = , 

moreover it is trace-free in any two indices, 

(1.5) g'^ Cijk = g'^'Qjk = g'^Cijk = , 

by its skew-symmetry and Schur's lemma. 

We suppose now that {M"-,g{t)) is a Ricci flow in some time interval, that is, the time-dependent 
metric g{t) satisfies 

We have then the follow^ing evolution equations for the Christoffel symbols, the Ricci tensor and the 
scalar curvature (see for instance [6]), 

(1.6) ^Rij = ARij-2R^^Rk^jl-2gP'^RipRJg 

— R = AR + 2RicP. 
ot 

All the computations which follow will he done in a fixed local frame, not in a moving frame. 



Acknowledgments. The second and third authors are partially supported by the Italian FIRB Ideas "Analysis 
and Beyond". 

Note. We remark that Huai-Dong Cao also, indipendently by us, worked out the computation of the 
evolution of the Cotton tensor in dimension three, in an unpublished note. 



2. The Evolution Equation of the Cotton Tensor in 3D 

The goal of this section is to compute the evolution equation under the Ricci flow of the Cotton 
tensor Cijk in dimension three (see [4] for the evolution of the Weyl tensor), the general computation 
in any dimension is postponed to section 4. 

In the special threedimensional case we have, 

(2.1) Rijki = Rjfc5j7 - ^iigjk + ^jWik — ^jkgu — -^{gikgji — gugjk) , 

(2.2) Cijk = VfeRij — VjRjfe - - [VkRgij — VjRgik) , 
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hence, the evolution equations (1.6) become 



d 

Wi^ij = ARij — Qg^'^YlipRjq + SRRjj + 2|Ric| gij — R gij 

d 

— R = AR + 2|Ricp. 

at 



From these formulas we can compute the evolution equations of the derivatives of the curvatures 
assuming, from now on, to be in normal coordinates. 



|-VzR = V;AR + 2V;|Ric 
ot 



2 



d 

^VsRjj = VsARjj — 6VsRipRjp — 6RjpVsRjp + SV^RR^j + SRV^Ry 

+2Vs\Ric\'^ gij -Vs^^g^j 
+2V,|Ricp5ij - V.R^^jj 

-ryy iiXsp \ pixisjixjp -\- y\ jiXsp v piXjsjixip 

=^ V gARjj — 5 V gRjpRjp — 5Rjp VsRjp + 3VsRRjj + SRV^Rij 

-f-ZV^IrtlCI gij V^xl g^j -\- \_/gpiiXjp -\- KjgpjiXip 

+Rjp[ViRgsp - VpRgis]/4. + Rip[VjRgsp - VpRgjs]/4. , 



where in the last passage we substituted the expression of the Cotton tensor. 
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We then compute. 



d 

{VkRgij-VjRg,k)/4. 



9^ 


- S^'«<' 


- S^^«- 


- 


= ViARij- 


- 5VtRi„R, 



and 



hence. 



dt 
- SRjpVfcRjp + 3VfeRRjj + SRVfcRjj 

+2Vfc|Ric| gij — VfcR gij + CkpiRjp + C^pjRip 

+Rjp[ViRgkp - VpRgik]/4. + Rip[VjRgkp - VpRgjk]/4: 

— VjARjfc + 5S/jRipRkp + 5RipS/jRkp — SVjRRik — SRVjRik 

— 2Vj|Ric| gik + yjR gik ~ ^jpiRkp ~ ^jpkRip 

—Rkp[ViRgjp — VpRgij]/4 — Rip[V kRgjp — S/pRgkj]/4: 

+(RjjVfcR — R.jfcVjR)/2 

-(VfcAR + 2Vfc|Ricp)5i^-/4+(VjAR + 2Vj|Ricp)5ife/4 

VfcARjj — 5V kRipRjp — SRjpVfcRjp + SV^RRij + SRVfcRij 

+3Vfc|Ric| gij/2 — V^R gij + CkpiRjp + CkpjRip 

+RjfcV,R/4 - RjpVpRgik/4: + RifcVjR/4 - RipVpRgjk/4: 

— VjARjfc + BVjRipRkp + 5RipVjRkp — SVjRRjfc — SRVjRik 

— 3Vj|Ric| (7ifc/2 + VjR go. — CjpiRkp — Cjp^Rip 

-RfcjViR/4 + RkpVpRgij/A - R^j VfcR/4 + RipVpRgkj/4: 

+(RijVfcR-RifcVjR)/2 

-VkARgij/4 + VjARg,k/4: 

VfcARjj — BV kRipRjp — BRipV kRjp + 13VfcRRij/4 + 3RVkRij 

+3Vfc|Ric| gij/2 — VfcR gij + CkpiRjp + CkpjRip 

—RjpVpRgik/4: 

— VjARjfc + BVjRipRkp + BRipVjRkp — 13VjRRjfc/4 — SRVj-Rj^ 

— 3Vj|Ric| gik/ 2 + V jR gik — CjpiRkp ~ CjpkRip 

+RkpVpRgij/4: 

-VfeARffi^/4 + VjARg,k/4. 



ACijk = AVkRij - AVjRik - AVkRgij/4: + AVjRgik/A , 



d 

^Cjjfc — ACijk = VfeARjj — VjARik — AVkRij + AVjRjfc 

-VkARgij/i + VjARgik/4: + AVkRgij/4: - AVjRgik/4: 

—5V kRipRjp — 5RipVfcRjp + 13VfcRRij/4 + SRV^Rij 

+3Vfc|Ric| gij/2 — V^R gij + CkpiRjp + CkpjRip 

-RjpVpR5ifc/4 

+5VjRjpRfcp + SRjpVjRfcp — 13VjRRjfc/4 — 3RVjRjfc 

— 3Vj|Ric| gik/2 + VjR gik — CjpiRkp — CjpkRip 

+RkpVpRgij/4: 
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Now to proceed, we need the following commutation rules for the derivatives of the Ricci tensor 
and of the scalar curvature, where we will employ the special form of the Riemann tensor in dimen- 
sion three given by formula (2.1), 



= — RfcpVpRjj + RkiipViRjp + Rfc/jpViRjp 



and 



— RfcpVpRjj + RjfcVjR/2 + RjfcViR/2 
— RfepVjRjp — RfcpVjRjp + RipViRjpgik + Rip'^iRipgjk 
-RiiViRjk - RijViRik - RVjRgik/4. - RViRgjk/4. 
+RV,R,fc/2 + RVjRik/2 

+ '^l{RklipRpj + RkljpRpi) 

—RkpVpRij + RifcVjR/2 + RjfcViR/2 

— RfepVjRjp — RfcpVjRjp + RipViRjpgik + RipViRipgjk 

— R/iV^Rjfc — RijViRik — RVjRgik/4: — RVjR5jfc/4 

+RS7iRjk/2 + RVjRifc/2 

+Vi{RikRij - RiiRkj + RpiRpjgik - RpkRpjgu - gikRRij/2 + giiRRjk/2 

+RjkRH — RjiRki + RpiRpigjk — RpkRptgji — gjkRRu/^ + gjiRRik/2) 

-RfcpVpR,j + RifcVjR/2 + RjfcV,R/2 

— RfepVjRjp — RfcpVjRip + RipV^Rjp^fjfc + RipS/iRipgjk 

-RuViRjk - R«iV,R,fc - RVjRgik/4. - RViRgjk/4. 

+RV,Rjfc/2 + RVjRifc/2 

— VjRpfcRpj + VjRRjfc/2 + gikRpiViRpj 

-RpfeViRpj - gikRVjR/4 + RViRjfc/2 

— VjRpfeRpj + VjRRjfc/2 + gjkRpi'^iRpi 

-RpfcVjRpi - gjkRViR/4: + RVjR,fe/2 

— RfcpVpRjj + RjfcVjR + RjfcViR 

— 2RfcpViRjp — 2RfcpVjRjp + 2RipViRjpgik + 2RipViRipgjk 

— R./iViRjfc — RijViRik — RpjVjRpfc — RpjVjRpfc 

-RVjRgik/2 - RViRgjk/2 + RV.Rjfc + RVj-R^fc 



VfcAR — AVfcR — RkiipVpR — — R^pVpR . 



6 CARLO MANTEGAZZA, SAMUELE MONGODI, AND MICHELE RIMOLDI 

Then, getting back to the main computation, we obtain 



d 

Cijk — ACijfc = — RfcpVpRjj + RjfcVjR + RjfcVjR 



dt 



— 2RfcpViRjp — 2RkpVjRip + 2RipViRjpgik + 2R/pV/Rjp(7jfc 

— RijVzRjfc — RijViRik — RpjViRpk — RpjVjRpfc 

—RVjRgik/2 — RViRgjk/2 + RVjRjfc + RVjRjfc 

+RjpVpRjfc — RjjVfcR — RfejVjR 

+2RjpViRA:p + 2RjpVkRip — 2RipViRkpgij — 2RipViRipgkj 

+RiiVzRfcj + Rik'ViRij + RpfcVjRpj + RpjVfcRpj 

+RVfcR5ij/2 + RViRgkj/2 - RViRkj - RVkR^j 

+RkpVpRgij/4 - RjpVpRgik/4: 

-5VkRipRjp - bRipVkRjp + 13VfcRR.y/4 + 3RVfcR.y 

+3Vfc|Ric| gij/2 — V^R gij + C^piRjp + CkpjRip 

-RjpS/pRgik/4: 

+5VjRipRkp + 5RipVjRkp — 13VjRRifc/4 — 3RVjRifc 

— 3Vj|Ric| gik/2 + VjR gik — CjpiRkp — CjpkRip 

+RkpVpRg^j/4: 

'^kpi'^jp I '^kpj^ip '^jpi^kp '^jpk^ip 

+ [2RipViRjp + 3RVjR/2 - RjpVpR/2 - 3Vj|Ric|^/2]5ifc 
+ [-2R/pV,Rfcp - 3RVfcR/2 + RfcpVpR/2 + 3Vfc|Ric|V2]5y 

-3VfcRipRjp - 4RipVfcRjp + 9VfcRR,j/4 + 2RVkRij 
+3VjRjpRfcp + 4RjpVjRfcp — 9VjRRifc/4 — 2RVjRjfc 



Now, by means of the very definition of the Cotton tensor in dimension three (2.2) and the identi- 
ties (1.4), we substitute 



kpj ^'jpk — ^kjp ^jpk — ^pkj 

ViRjp = VjRip + Cpji + - (V^R^pj - VjRgpi) 
V/Rfcp = VfcR^p + Cpki + - (VjR^pfe — VkRgpi) 
VjRjp = VjRjp + y^pji + — [S/iRgjp — \/ jRgipj 
VjRfcp = VfcRjp + Cpki + T (ViR^/cp — VkRgip) 
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in the last expression above, getting 



d_ 

dt 



C 



ijk 



AC 



ijk 



^jp'^kpi '^kp'^jpi ~r '^ip^pkj 



+ 



+ 



2Rip{VjRip + Cpji + ViRgpj/4 - VjRgpi/4) 



+ 3RVjR/2 - RjpVpR/2 - 3Vj|Ric|V2 



9ik 



2Rip{VkRip + Cpki + ViRgpk/4. - VkRgpi/4:) 



- 3RVfeR/2 + RfcpVpR/2 + 3Vfc|Ric|V2 gij 
-Rkp{VjR^p + Cpji + ViRgjp/A - VjRgip/A) 
+Rjp{S/kR^p + Cpki + ViRgkp/4. - VkRg^p/^) 
—3V kRipRjp — 4RjpVfcRjp + 9VfcRRjj/4 + 2RVkRij 
+3VjRipRkp + 4RjpVjRfcp — 9VjRRjfc/4 — 2RVjRjfc 

JPV 'spj ~r ^pki) '^kpy^jpi ~r ^pji) ~r ^ip^pkj 

+2RipCpjigik — 2RipCpkigij 

+ [RV,-R - V,-|Ric|V2]<7ifc - [RVfcR - Vfc|Ric|V2] <7*j 

—2V kRipRjp — 4RjpVfcRjp + 2VfcRRij + 2RVfcRij 

-\-Z\/ jixipixkp + 4ri,jp V J ix^p 



2VjRRjfc 



2RV,R^ 



j'^ik 



then, we substitute again 



VfcRjp = VpRkj + Cjpk + -{VkRgjp — VpRgjk) 
VjRfcp = VpRjfc + Cfcpj + - [VjRgkp — '^pRgkj) 
VfcRjj = VjRfcj + Cjjfc + - (VfeRgij — ViR^jfe) 
VjRjfe = VjRjfc + Cfcjj + -[VjRgik — ViRg^j) , 
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finally obtaining 

d 

+2RipCpjigik — 2RipCpkigij 

+ [RV,R - Vj\Ricf/2]g,k - [RV^R - Vfc|Ric|V2] <7»j 

— 2VfcRjpRjp — 4Rjp(VpRfcj + Cjpk + VkRgjp/4: — VpRgjk/4:) 

+2VkRRij + 2R{V^Rkj + Cjik + VkRgij/4. - V^Rgjk/4:) 

+2VjRipRkp + 4Rjp(VpRjfc + C^pj + VjRgkp/4: — VpRgkj/4:) 

-2VjRRik - 2R(ViRjfc + Ckij + S/jRgik/4. - ViRgkj/4) 

— '^jpy^kpi I '^pkij ^kpy'^jpi T ^pji) ~r ^ip'^pkj 

+4Rjp(^Cfcpj — ^jpk) + 2R(Cjjfc — Cfcjjfj 

+2R/pCpj7fifjA: — "^^IpCpkigij 

+ [RVjR/2 - Vj\Ric\^/2]gik - [RV;,R/2 - Vk\Ric\^ /2]g^j 
+VfcRRjj — VjRRjfc 

— ^jpy^kpi ~T~ ^pki) ^kpy^jpi ~t~ ^pji) ~r '^'^ip^pkj 

+2RCijk + 2RipCpjigik — 2RipCpkigij 

+ [RVjR/2 - Vj\Ric\^/2]gik - [RVfcR/2 - Vfe|Ric|V2] <7ii 

-\-Z\/ jixipixj^p Zy f^ixipixjp 

+VfeRRjj — VjRRjfc , 

where in the last passage we used again the identities (1.4). 

Hence, we can resume this long computation in the following proposition, getting back to a generic 

coordinate basis. 

Proposition 2.1. During the Ricciflow of a 3-dimensional Riemannian manifold {M^, g{t)), the Cotton tensor 
satisfies the following evolution equation 

(2.3) [dt - A)C,,fc = /mp,(Cfc,, + C.fcO + hg^^RipCqkj + /^Rpfe(Cj^, + Cgi,) 

+2RCjjfc + 2R'^ Cqjigik — 2R'^ Cgkidij 

1 1 R R 

+-^'^k\^ic\^9ij - ^VjlR-icpSifc + —VjRgik - —VkRgij 

+2gP'iRpkV,Rgi - 2gP'lRpjVkRg^ + R.y V^R - R^feV^R . 



In particular if the Cotton tensor vanishes identically along the flow we obtain, 

(2.4) = VfclRiclVj-VjlRicp^ifc + RVjRto-RVfcR^ij 

+4gP''RpkVjRg, - AgP^RpjVkRqi + 2RijVkR - 2RifcVjR . 

Corollary 2.2. If the Cotton tensor vanishes identically along the Riccifloiv of a 3-dimensional Riemannian 
manifold {M'^,g{t)), the following tensor 

|Ric| gij — 4Rpj,Rpj + SRRjj — -^ 9ij 
is a Codazzi tensor (see [1, Chapter 16, Section C]). 
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Proof. We compute in an orthonormal basis, 

4RpfcVjRpj — 4RpjVfcRpj + 2RjjVfcR — 2RjfcVjR 

= 4Vj(RpfcRpj) — 4Vfc(RpjRpj) — 4RpjVjRpfc + 4RpiVfcRpj 

+ 2Ry VfeR - 2RifcVjR 
= 4Vj(RpfeRpj) - 4Vfc(RpjRpj) + Rpi(4Cpjfe + VfeR^pj - Vj-R^pfc) 

+ 2RjjVfcR — 2RjfcVjR 
= 4Vj(RpfeRpj) — 4Vfc(Rpj,Rpi) + SRjjVfcR — 3RjfeVjR 
= 4Vj(RpfeRpi) — 4Vfc(Rpj,Rpj) + 3Vfc(RRjj) — 3Vj(RRjfc) 

- 3R(VfcRij — VjRjfc) 

= 4Vj(RpfcRpj) — 4Vfc(Rpj,Rpj) + 3Vfc(RRjj) — 3Vj(RRjfc) 

- 3R(4Cijfc + VkRgij - VjRgik)/4: 

= 4Vj(RpfcRpj) — 4Vfc(RpjRpj) + 3Vfc(RRij) — 3Vj(RRjfc) 

- g VfcR^^ij + g VjR^^ifc . 
Hence, we have, by the previous proposition, 

= VfclRicpgy - Vj\mc\^gik + 4Vj(RpfcRpi) - 4Vfc(RpjRpi) 

+ 3Vfc(RRy) - 3V,(RRifc) - ^V^R^^^ + ^V.R^^^fe , 

w^hich is the thesis of the corollary. D 

Remark 2.3. All the traces of the 3-tensor on the LHS of equation (2.4) are zero. 

Remark 2.4. From the trace-free property (1.5) of the Cotton tensor and the fact that along the Ricci 
flow there holds 

we conclude that the following relations have to hold 

g'^idt-A)Cijk = -2R*^Q,fc, 

g"'{dt-A)C,jk = -2R'''Cijk, 

g^''idt-A)C,jk = -2RJ%fe = 0. 

They are easily verified for formula (2.3). 

Corollary 2.5. During the Ricci flow of a 3-dimensional Riemannian manifold {M^,g{t)), the squared norm 
of the Cotton tensor satisfies the folloiving evolution equation, in an orthonormal basis. 



{dt-A)\C 



ijk\ 



-z| VCjjfcl — 24UjpfcCjgfcRpq + 2oCjpfcCfcijjRpg + 4R|Cjjfc| 



+8C ijkRpk^jRpi + 4CjjfcRijVfcR. 



Proof. 

{dt - A)\Cijk\^ 



2|VCjjffc| + 2C g Rpj(Cfcqj + Cgfcj) + Ogf Rip^qkj ~'r g Rpfc(Cjiq + Cgjj) 



+2RCjjfc + 2R'^ GqjWik — 2R'^ GqkWij 



R 



VfcR(7j. 



-2gP'iRpkV jRqi - 2gP'iRp^V kRq^ + R.yVfcR - R^fcVjR 



2\VCijk? + 2C'^^ 



2g Rpj(Cfcgj + Cqfcj) + 05 RipCqfcj 



+4R|C,,fc|2 + 8/'?C'^'^'RpfcV,Rgi + 4C^^'=R,jVfcR 

— 2| VCjjfcl — l4:^ipk(-JiqkRpq + 28( 

+8CjjfcRpfcVjRpi + 4CjjfcRij VfcR . 



2| VCjjfcl — l4:^ipk(-JiqkRpq + 28CjpfcCfcqjKpq + 4R|(_/jjfc| 



n 
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3. THREE-DIMENSIONAL GRADIENT RiCCI SOLITONS 
The structural equation of a gradient Ricci soliton (M, g) is the following 

(3.1) Rij + ViVjf = Xgij , 

for some A G M. 

The soliton is said to be steady, shrinking or expanding according to the fact that the constant A is zero, 

positive or negative, respectively. 

It follows that in dimension three, for {M^, g) there holds 

(3.2) ARij = ViR,j Vif + 2 ARy - 2 1 Ric \'^gij + R^g^ - mRij + 4Ri,Rsi 

(3.3) AR = ViRVi/ + 2AR-2|Ricp 

(3.4) V,R = 2Ki.iVif 

(3.5) Q,, = ^V,/-^V,/ + R.,Vfc/-R,,V,/ + ^V,/-5|lv,/ 

VfcR V,R / R X . / R \^ , 

— —7—gij T—dik + ( Rij - '^9ij j ^kj - I Rjfc - -^9ikj ^ jj ■ 

In the special case of a steady soliton the first two equations above simplify as foUow^s, 

ARij = V/RijV,/-2jRic|Vj + R25ij-3RR,j+4R,sRsj 
AR = V/RVi/-2|Ricp. 

Remark 3.1. We notice that, by relation (3.5), we have 

VfeRV,f VoRVfcf R R 

VjRVfc/ VfcRVj/ 
4 4 

where in the last passage we used relation (3.4). 
It follows that 

Hence, if the Cotton tensor of a three-dimensional gradient Ricci soliton is identically zero, we have 
that at every point where VR is not zero, V/ and VR are proportional. 

This relation is a key step in (yet another) proof of the fact that a three-dimensional, locally con- 
formally flat, gradient Ricci soliton is locally a warped product of a constant curvature surface on a 
interval of M, leading to a full classification, first obtained by H.-D. Cao and Q. Chen [3] for the steady 
case and H.-D. Cao, B.-L. Chen and X.-P. Zhu [2] for the shrinking case (actually this is the last paper 
of a series finally classifying, in full generality, all the three-dimensional gradient Ricci solitons, even 
without the LCF assumption). 

By a straightforward computation we have the following proposition. 

Proposition 3.2. Let {M'^, g) he a 3-dimensional gradient Ricci soliton. Then, 

(3.6) A|Cjjfc| = Vi\Cijk\ Vif + 2\VCijk\ +6A|Cjja,.| —2R\Cijk\ 

— SCjjfcRjjVfcR + SCjskCjikRsi — ^QCjskCkijRsi — SCijkRik'^jRu ■ 

Hence, by Corollary 2.5, we obtain that during the Ricci floiv of a 3-dimensional gradient Ricci soliton 

(3.7) dt\Cijk\ = V;|Cjjfc| Vif + 6X\Cijk\ +2R|Cjjfc| 

~2UjjfcRij VfcR — loCjsfcCjjfcRsj + 12CjsfcCfejjRsj . 

Proof. First observe that 

A|Cjjfc| = 2Cjj/jACjjfc + 2| VCjjfcl . 
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Using relations (3.5), (3.2) and, repeatedly, the trace-free property (1.5) of the Cotton tensor, we have 
that 



Gijk^Cijk — A{RijVkf - ^ik^ jf)Gijk 

= (AR,j Vfc/ + Rij AVfe/ + 2ViRyV;Vfc/)C,jfc 

-(ARifcV,-/ + R.feAV,-/ + 2V;R,fcViV,/)Q,fc 
= (VsRjjVs/ + 2ARjj — SRRjj + 4RjsRsj)Vfc/Cjjfc 

+RijAVfc/Cjjfc + 2V/RjjV«Vfc/Cijfc 

— (VsRjfcVs/ + 2ARjfc — SRRjfc + AB^s^sk)'^ jfGijk 

-RikAVjfCijk - 2V/RifcViVj/Cjjfc 
= (VsRjjVfc/ - VsRjfcVj/)Vs/Cijfc 

+2X{RijVkf - RifcVj/)C,jfc - 3R(Ry Vfc/ - RifcV,/)C,jfc 

+4Ris(RsjrVfc/ - RsA:Vj/)Cjjfc 

+{KijViViVkf - R»fcV,ViVj/)C,,fc 
+2(V,R,,V,Vfc/ - ViRikViVjf)C,jk 
= {VsRijVkf - VsRikVjf)VsfCijk 
+ (2A-3R)|Q,fc|2 

+ARis{RsjVkf - RskVjf)C^jk 

H^jViViVkf - R^fcV,V^V,/)Ci,•fc 
+2{ViR^jViVkf - V/RifcV/Vj/)C,jfc , 



where we used the identity 



(RijVfc/ — Rik'^jf)Cijk — \Cijk 



2 
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which follows easily by equation (3.5). 

Using now equations (3.1), (3.5), (1.5), (1.4), and (3.4), we compute 



(VsRjjVfc/ — VsRjfcVj/)Vs/Cjjfc — (Vs(RijVfc/) — RijVsVfc/)Vs/Cjjfc 

-{VsiRikVjf) - R^fcV,V,■/)V,/Ci,■fc 
= (Vs(RijVfc/ - RjfcVj/) + Rij{Rsk — A5'sfc))Vs/Cjjfc 

— (Rifc(Rsi — ^9sj)WsfCijk 
= \ s^ijk^ijk^ sj + RijfRsfe Vs/Cjjfc — RjfcRsj Vs/Cjjfc 

— A(RjjVa,-/ - Rik^ j f)Cijk 
= -^ s\Cijk\ '^ sf + -^ij'^ kRGijk - 2^jfcVjRCjjfe — A|Cjjfc| 



1 1 r> T) 

4Ris(RsjVfc/ - Rsk^jf)Gijk = 4Ris(Csjfc - -VfcR^^j + -V jRgsk + iz^kfOsj - -z^ jfgsk)Gijk 



4Ris( — Cjfcs ~ ^ksj)\~^jki ~ ^kij) ~ Rjj v fcRCjjfc 

+RifeVjRCjjfc + 2RRijVfc/C.jjfc — 2RRikVjfCijk 

oiXig\^jgk'^jik oiXigK^jgk'^kij 

— RijVfcRCjjfc + Rik'VjRCijk + 2R|Cjjfc| 



(RijV^V/Vfc/ - RikViViVjDCijk = {R^jVl{-Rlk + Xgik) - Rik^i{-Rij + Xgij))C,jk 

— -^Rij^kRCijk + ^RjfcVjRCjjfc 



2{ViRijViVkf - VzRifeViVj/)Cijfc = 2{{Ciji + V^Ri; + -ViRgij - -VjRgii){-Rik + Xgik))Cijk 

1 1 

-2((Cife« + VfcRi/ + -VzRffjfc - -VkRgii){-Rij + Xgij))Cijk 

= -2CijiCijkRik — 2CijkRik'^jRii + -CjjfcRjfcVjR 
+2A|Cjjfc| +2XCijkS7jRik 
+2CikiCijkRij + 2Cjj,fcRzj,VfcRjz — -CijkRijS/kR 
-\-2X\Cijk\ — 2ACjjfcVfcRjj 

= — 2Cj/jCjfcjRzfc — 2CjjfcR;fcVjRjz + -QjfcRjfcVjR + 2X\Cijk\ 

—2X{Cijk + jVkRgij - j'^jRgik)Cijk 
— 2Cj/fcCyfcR/j + 2CijkRij'VkRu — -CjjfcRjjVfcR + 2A|Cjjfc| 
= -2Cj/jCjfcjR/fc — 2C ijkRik'^jRii + -CjjfcRjfcVjR + 2A|Cjjfc| 
—2CiikCijkRij + 2Cjj,fcRzj,VfcRjz — -CijkRijVkR- 
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Hence, getting back to the main computation and using again the symmetry relations (1.4), we finally 
get 

3 3 

— 2CijfcR'«fcVjRji + 2CjjfcRijVfcRii 

= -Vs|Cjjfc| Vs/ + 3A|Cjjfc| —R\Cijk\ 

~3CjjfcRjj VfcR + 4Lj|<jfcCjjfcRsj — oCjsfc^fcijRsi ~ ^^ijk^lk^ j^U 

where in the last passage we applied the skew-symmetry of the Cotton tensor in its last two indexes. 
The thesis follows. D 



4. The Evolution Equation of the Cotton Tensor in any Dimension 

In this section we will compute the evolution equation under the Ricci flow^ of the Cotton tensor 
Cijk, for every n-dimensional Riemannian manifold {M'^,g{t)) evolving by Ricci flow. 
Among the evolution equations (1.6) we expand the one for the Ricci tensor, 

— Rjj = ARjj -gP'^RipRjq + — ^rrRRij H ^rlR-icI Qij 

ot n — 2 (n — l)(n — 2) n — 2 

R^gij - 2RPiWpijq . 



(n-l)(n-2) 

Then, we compute the evolution equations of the derivatives of the curvatures assuming, from now 
on, to be in normal coordinates, 

|-VjR = V,AR + 2Vi|Ric|2, 
ot 

at n — 2 n — 2 (n — l)(n — 2) 

2n 2 2 

+7 ru ^I^V,R,j + -Vs\Ric\^g^J - -, --, ^V.R^^.j 

(n — l)(n — 2) n — 2 (n — l)(n — 2) 

-2VsRki^kiji - 2RuV s^kiji + (ViR,p + V,R,p - VpRis)Rjp 

- X7 AR _!1±^VT! R "- + ^ p T7 R , ^^ w Rp 

n — 2 ^-Ji" ^_2 ' ■^'^ (^jT, — l)(n — 2) 

2n 2 2 

+7 Tu ^RV.Rij + -V.lRicp^,. - — -rVsR^ gij 

(n — l)(n — 2) n — 2 (n — l)(n — 2) 

-2VsRki^kiji - 2RkiVs^kiji + (ViR,p - VpRis)Rjp + (VjR.p - VpRj,)Rip 

- X7 AR _!1±^VR R "- + ^ p V7 R , ^^ V7 Rp 

n — 2 n — 2 (n - l)(n - 2) 

2n 2 2 

+7 Tu ^RV.Rij + -V,\RK\^g,j - ^V.R^^i^ 

(n— l)(n — 2) n — 2 (n — l)(n — 2) 

— 2V sRkl^ kijl — "^Rkl^s^kijl + CspiRjp + CspjRip 

+-^, — — prRip[ViR5sp — VpRgis] + — — ——Rip^jRgsp — VpRgjs] , 
where in the last passage we substituted the expression of the Cotton tensor. 
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We then compute. 



r\ ^ i^ 1 /^ 



and 



71 + 2 "- + ^0 Y7 R ^'^ 

77,-2 77 — 2 (n— 1)(77 — 2) 



VfcARjj rVfcRipRjp prRjpVfcRjp + -^ — ^ — VfcRRij 



277 „ Z: — ,„. ,o i — _^2 



-RVfcRij + -VfcRic^-- — rrVfcR^ 

(?1— 1)(77 — 2) 71-2 (77- l)(r7 — 2) 

— 2VfcRpzWpij7 — 2RpiVfcWpjj7 + CfcpjRjp + CfcpjRjp 

R R 

+ ^. '_^^J V.Rff;^.p - VpR^.fc] + ^ [VjRfffcp - VpRgjfc] 

— VjARjfc H -VjRjpRfcp H -RjpVjRfcp — — — -VjRRjfc 

77 — 2'^ 77-2^ (77 — l)(77-2) 

2r7 „ 2 _ ,„ 2„ , 2 2, 



[n — l){n — 2) 77-2 77 — 1 

— iVfeRpz Wpjj7 — zRpiVfcWpjj/ — CjpjRfcp — CjpfcRjp 

~ 2(77-1) ^^^^^^'^ ~ ^P^^*j] ~ 2(77 - 1) [^^^^^'P ~ "^P^dkj] 
H 7(RiiVA,.R — RjfcVjR) 

77—1 ' 

-(VfeAR + 2Vfc|Ric|2)— ^L + (v^.AR + 2V,|Ricp)— ^i^- 
^ ' 2(77 — 1) ^ ^ 2(77 — 1) 

77 + 2 77 + 2 

VfcARj,- rVfcRipRjp rRjpVfcRjp 

77 — 2 77 — 2 

-VfcRRjj + — — -RVfcRjj 



2(77-l)(77-2) ^ (77-l)(77-2) 

+7 TY? ^^fclR-icpfifij - — ^VfcR^5ij 

(77— 1)(77 — 2) (77 — 1)(77 — 2) 

+CfcpiRjp + CfcpjRjp — 2VfcRp2Wpij7 — 2RpiVfcWpij7 
~ 2(n — l)^^ ^p^9ik 

77 + 2 77 + 2 

— VjARjfc H ^^VjRjpRfcp H ^^RipVjRfcp 

577-2 277 

; 7^ T V )'RR,Z. — -, r-, tRv I'Rii. 

2(77-l)(77-2) ■> "^ (77-l)(77-2) ^ '" 

-VJRicps-ifc + — rrVoR^^ifc 



(n-l)(77-2) -^i ' ^^'^^ (77-1) (77 -2)^ 
—CjpiRkp — CjpkRip + 2VjRpiWpjfci + 2RpiVjWpjfc; 
111 

2(77 — 1) 2(77 — 1) 2(77 — 1) 



ACijk = AVfeRy - AVjR,fc - -AVkRgij + -^ rrAV^Rgik , 

2{n — 1) 2(77 — 1) 
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hence. 



d 

'pjT^ijk — '^Cijk = VfcARjj — VjARjfc — AVfcRjj + AVjRjfc 

{VkARgij - VjARoik - AVkRgij + AV^R^ifc) 



2(n-l) 

-^^^—^{VkRipRjp + RipVkRjp) + 2(rt- l)(n-2) ^^^^'^ 
2?i 
(n — l)(n — 2) 

+7 TY? ^"^fclRicp^ij - 7 TT7 ^VfeR^5ij 

(n — l)(n-2) -^ (n — l)(n-2) 

+CfcpiRjp + CfcpjRjp — 2VfcRp;Wpjj7 — 2Rp;VfcWpjj7 

~2(;7^^^'^^^^^*'= 

j2 4- 2 Sra 2 

-(VjRjpRfcp + RjpVjRfcp) — —, -rz —VjRRik 



^_2y-J-^p-^p , ^^.p.,^^.p, 2(n-l)(n-2) 

2n 

■ -^ —- — -RVjRjfc 

(n — l)(n — 2) 



n 



Vj|Ric| gik + — ^VjR ^ifc 



(n-l)(n-2) '' ' "'" (n-l)(n-2) 

~^jpiRfcp ~ ^jpkRip + '^ VjRpi WpjfcZ + 2RpZ V j Wpjfc; 



Now to proceed, we need the following commutation rules for the derivatives of the Ricci ten- 
sor and of the scalar curvature, where we will employ the decomposition formula of the Riemann 



16 CARLO MANTEGAZZA, SAMUELE MONGODI, AND MICHELE RIMOLDI 

tensor (1.1). 



VfcARy - AVfcRij - V/^iiRij - Vif^iRij + S/n^iRij - V^^^Rij 
= — RfcpVpRjj + RkiipS/iRjp + RkijpViR 



= — RfcpVpRjj + — — — — -(RjfcVjR + RjfcVjR) 

^^(RfcpViRjp + RkpVjRip — Rip^ iRjpQik — RipV/Rjp^jfc) 

3^(RkV/Rja; + R/jV/Rjfc) — — — —rv7 — ^^iRVj-R^ifc + RViRgjk) 

+ 7 7T7 ^rrCRVjRjA; + RVjRjfc) 

[n — l)[n — 2) 

+V; [RkHpRpj + RfcijpRpj) 
+WfcijpViRjp + WjtijpVjRjp 

= — RfcpVpRjj + — — — — (RjfeVjR + RjfcVjR) 

3-r(R.fcpViRjp + RfcpVjRjp — R;pV/Rjp5jfc — RipViRipgjk) 

(Rh^iRjk + RzjVjRjfc) — — — — p-7 — ■^^{R'^jRgik + RVjR^fjfc) 



n 



2 ^ '* ' ^'^ ^ '^ ' *"^ 2(n - l)(n - 2) 



+ 7 TT7 ^(RVjRjfc + RVjRife) 

[n — l)(n — 2) -^ 

+V/( — -^^{RkigpiRpj + RpigkiRpj — RugkpRpj — RkpgnRpj] 
—-, — _ . w — ^-^(RRpi^fejffip — ^^pjOkpau) + WfcijpRpj 



"^n-2 



n\'^kj9lp'^pi ~T~ "'IpQkj^pi '^Ijdkp'^pi '^kpdlj'^pi) 



1 



~1 — _ 1 V 3^(f^^P«5fcj5pi — ^^pidkpgij) + WfcijpRpj 

+WfcijpV;Rjp + WkiipVjRjp 

—RkpVpRij + — — — — -(RifcVjR + RjfcVjR) 

^-^(RfcpViRjp + RfcpVjR.jp — RipViRjpgik — RipViRipgjk) 

-^^—^{RtiViRjk + Rij^iRik) - ^. _^w^ _^. (RVjRffjfc + RViR^j-fc: 

+7 Tv ^(RViRjfc + RV.Rfc) 

[n — l)(n — 2) 

H — ^-^(VpRfcjRpj + RfcjVjR/2 + VpRgfcjRpj/2 

+RzpV;Rpjgifc — ViRRjfc/2 — RpjVpRfcj — WtRkpRpj 

^kp^ i ^pj ) 

~1 7T7 ^TrlVpRRpiffjA: + RV,R5jA:/2 — VjRRfcj — RVjRjA;) 

(n — l)(n — 2) 

nn X 

H 3-^CfcjpRpj + Wfc;jpV;Rpj 
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and 



H — ^j-:T(VpRfcjRpj + RA;jViR/2 + VpRgkjRpi/2 

+Ripfl'A;iV;Rpj — VjRRfcj/2 — Rpj VpRfcj — Vj-R^pRpi — RfcpVjRpj) 

— -, — _ . w — ^-^(VpRRpi^fcj + RVjR5j7c/2 - VjRRfci - RVj-R^j) 

H — 3-^CfcjpRpi + WfcijpV/Rpi 

+WfcijpV;Rjp + WfcijpVjRjp 

n + 1 2 

^ P '-^ 2(n-l)(n-2) ^ n-2 ^ ^ ^ 

2 1 1 

+^^^3^R«pViRpi5rjfe - ^^— ^RpjVpRifc - / _ i)(j^_2)^^*^^^''' 



2 n + 1 2 

(n — l)(n — 2) 2(n — l)(n — 2) -^ n — 2 

2 „ 1 „ 1 



+;^^^7^R«pViRpj5ifc - ^^— ^RpjVpRjfc - / _ i)(^ _ 2) ^^^'^^'^ 



2 

(n - iXn - 2) ' 

n — 3 
2(n -l)(n- 2) 
n-3_ „ ^ „ . 1 



~'~7 iT? ^-'^^j-'^jfc + 2Wfc;jpV;Rpi + 2Wfc;jpViRpj 



~'~o7 TY? 7^(VpRgifcRpj + VpRs'jfcRpj) 






VfcAR — AVfcR — Rfci/pVpR — — R^pVpR . 
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Then, getting back to the main computation, we obtain 



o I 1 

— Cjjfc - ACijk = -RfcpVpRjj + ^ _i\(n- 2)^''-'^*^ 

2 2 



n-2 "'^ ' '" n-2 

2 n+ 1 

+7 Tw ^^R-VjRjfc + — — — -VjRRfej 

(n — l)(n — 2) 2(n — l)(n — 2) 

2 2 

^RfcpVjRpj H rRipViRpjfifjA; 

n — 2 n — 2 

prRpiVpR/cj - —- —RVjRgik 

n — 2 (n — l)(n — 2) 

2 

(n - iXn - 2) ' 

+ ^7? TT7 ^^(VpR^ifcRpj + VpR^jfcRpi) 

2(n— lj(7i — 2j 

H ^(,'-^fcip-t''pj + ^kjp'^pi) 

(VjRfcpRjp + VjRfcpRpj) 



+7 Tv ^RV.Rjfc + 2WkijpViRpi. + 2WMipV,Rpj 



n-2 

71 + 1 2 

2(n — l)(n — 2) n — 2 

2 1 

T^^ip'^iRpigkj H ^RpfcVpRjo 

n—2 n—2 

(n— l)(n — 2) (n — l)(n — 2) 

n+ 1 2 

"■^7? 7T7 ^TrVfcRRjj H ^rRjpVjRfcp 

2(n— l)(n — 2) n — 2 

2 1 



^_2-~.p.p-^p..., , ^_^..^,.^..^J 

1 2 

"(„_l)(n_2)^^'=^^^^' " (n-l)(n-2)^ 
-2Wj;fcpViRpi - 2Wj7ipViRpfc 
n — 3 



2(n-2)(n-2) 



(VpR^fjjRpfc + VpRgjkRpi) 



n — 3 1 

^{'^jip'^pk ~T~ ^jkp^pi) I ^\^ i'^pj'^pk ~t~ VfcxljprCpjj 

1 n + 2 
+^7 — — rT(RfcpVpR5'ij — RjpVpR^fcj) ^-^(VfcRpiRpj + RpiV^Rpj) 

n 1 i2 5n — 2 

+ (n-l)(n-2)^'='^^^" ^^^■ + 2(n-l)(n-2)^'=^^^^- 

2n 2 9 

+ 7 Tv ^RVfcRij - — rrVfcR'sij 

(n— l)(n — 2) ■" (n — l)(n — 2) 

— 2VfcRp/Wpjj7 — 2Rp;VfcWpij7 

+CkiiRij — —, —ViRRijgik + CkijRh 

2(n — 1) 
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n + 2 
H — ^-r ( V j Rpi Rpk + Rpi V j Rpfe ) 



n 



-V,|Ric| gki 



5?i-2 



(n-l)(n-2) ^' 

2n 

-RVjRjfc + 



V,RR, 



2(n-l)(7i-2) '^ 

2 2 

VjR Qik 



ik 



(n-l)(n-2) -^ '" (n-l)(n-2) 
+2VjRpiWpjfc/ + 2RpiVjWpjfc; 

— C,7jRifc + —. TzViRRikgij - CjikRh 

2{n — 1) 



1 



n-2 



l{n-l) 

\i^pi^ jkp \ '^pk^jip ^kip^pj ^kjp^pi) 



+ 



n-2 
1 



^'^^'^^^' + 2(n-l)(n-2) 



'2(n-2)^P^^^^' (n-l)(n-2) 



Vj|Ric| 



dik 



n-2 
1 
'2(n-2) 
n — 3 



R;,„V/R„^ H ; z~, r V z-R 

ip I Pk 2(n-l)(n-2) '^ 



VpRRpfc 



n 



;„|2 



(n-l)(n-2) 



Vfc|Ric| 



9ij 



n — 3 
n — 2 J"^J ,2 — 2 

I ^ p V7 R I ^+l y7 p R ^ 

n — 2 ''■''' n — 2 ■' ^ '^ n — 2 



RV,R^ 



j'^ik 



An -3 



-V,RRi, 



2in-l){n-2)''^'^""' n-2 



J^fcpVjxlpj + ^'^pj^ i^pk 



n-2 



RjpVfcRjp ^rVfcRjpRjp H -RVfcRjj 



+ 



n-2 

4n-3 



n-2 



n-2 



-VkRRij + 2WkHpViRpj + 2WfcijpV,Rp, - 2W jikpViR^i 



2(n-l)(n-2) 

2Wj7ipViRpfc — 2VfcRpiWpjji - 2Rp;VfcWpjj7 + 2Vj,RpiWpjfc/ + 2Rp;VjWpjfci 



Now, by means of the very definition of the Cotton tensor (1.2), the identities (1.4), and the symme- 
tries of the Weyl tensor, we substitute 



'^kjp '^jpk — ^pkj 
1 



^kpj ^'jpk " 

V^Rjp = VjRip + Cpji + \ (VzR^pj - VjR^pi) 
V^Rfcp = VfcRjp + Cpki + —, — — p- iyiRgpk — ^k^dpi) 
VjRjp = VjRjp + Cpji + — — — — ( VjR^'jp — V jRgip) 
VjRfcp = VfcRjp + Cpki + ly, — — p: ( VjR^fcp — V^R^jp) 
VpRjj = VjRpj + Cijp + — — — -p- [\7pRgji — VjRgpi) 
VpRjfc = VfcRpj + Cikp + —, — — — ■ ( VpRflffci — VfcR^fpj) 
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in the last expression above, getting 



dt 



C 



ijk 



AC 



1 



ijk 



n-2 
+ 



[tVpiy^pkj ~T~ "^pk^jip ^kip'^pj) 



2 / 1 

R-ip ( VjRjp + Cpji + 



j-^VjRgpi)) + 

VriRRr 



2(n - i; 
3 



■ViRa 



pj 



2(n-l)(n-2) 



n 



V,R^ 



Ln-2 

1 
"2(n-l) 

— ; rVriRRrii ; r~r r V 1 Ric 

2(n-2) ^ ^^ (n-l)(n-2) ^' ' . 

2 / 1 

Rip( VfcRpj + Cpfci + —, — — p-ViRgpfc 



fi'jfc 



n-2 

1 
'2(n-l) 

1 
'2(n-2) 
n — 3 



VfcRs-p/ + 



2(n-l)(n-2) 



VpRRpA: 



n 



Rfcp( Cjjp + Vjixip + 



(n-l)(n-2) 
1 



VfrlRicI^ 



9ij 



■{VpRgij -VjRgip) 



+ 



Rpi( Cjfcp + VfcRjp + -^^^ —{^pRgik — ^k^Qip) 



n-2 



n 



2 n-1 



n+ 1, 



H ^RfcpVjRpi H -VjRpfcR 



n-2 

4n-3 



n-2 



-VjRRjfc 



i-pi 



n-2 



RVoRjfc 



2(n-l)(n-2) 

■^Rfep( VjRjp + Cpji + — — — — -(ViR^jp — V jRg, 



n 



ip, 



-\ — 3^Rpj ( VfcRjp + Ckpi + , _ . (VjRfffcp - VfcRs'i- 



n 



-riop Vfcil^' 



>(n - 1) 

n+ 1 2 

VfcR7pRip H ^^RVfcRjj 



ip, 



+ 



4n-3 
V fcRRij 



2(n-l)(n-2) 
+2CpijW piki — 2CpikWpiji — 2CpiiWjkip 

— '^^ jklp^ i^pl — "^^pN k^ pijl + 2RpzVjWpjfc; 

pr V-^P*^pfcj + t>-pA;(,'-^jjp ^Pji \^ 3jLyjjpj + l>.pj (,'-^pfcj ^kip i (,^ 3jOjfcpjj 

H TzCpjitXpigik 



n-2 
+gik 



n-2 



CpkiRpigij - 2CpjiWpiki + 2CpkiWpiji — 2CpiiWjkip 



V,R2 



1 



(n-l)(n-2) (n-l)(n-2)^^'^'''' . 



-5ii 



V,R2 



(n-l)(n-2) (n-l)(n-2) 
n — 2 n — 2 



VfclRicP 



-VfcRRjj + - — -RVkRij 



n-2 



2(n-l)(n-2) 

2 n+1 3n-l 2 
H ^RfcpVjRjp H rVjRfcpRjp — —. —- -rVjRRik -RVjRjfe 



^ _ 2--P ■ J-^^ ■ n - 2 ■ ^""^"'^ 2(n - l)(n - 2) 

-2Wjfc;pViR/p — 2R;pVfcWpjj7 + 2Rp;VjWpjfc; . 



n-2 
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then, we substitute again 



VfcKjp — VpKfcj + y^jpk + 



(VfcR^ip - VpRc/jfc) 



2(n-l) 
VjRfcp = VpRjfc + Ckpj + —, — — -p- (VjRg'fcp — VpR^fcj) 

VfcRjj = VjRfcj + Cjjfc + — — — -p-(VfcRgjj - VjR^fjfc) 

VjRifc = VjRjfc + Cfeij + — — — — ■ (VjR^jfc — S/iRgkj) , 



finally obtaining 
d 



1 



{t\.piy-jpkj + t\,pi^[Ljjip ^pji [^ 'JJ^ijp) I t'-pjy'^pki ^kip ~r {'^ '^j^ikpj) 



n-2 

2 2 

H TzCpjiRpiQik -CpkiRpigij - 2CpjiWpiki + ^CpkiWpiji — 2CpiiWjkip 



n-2 
+9ik 



n-2 



V,R2 



1 



-9ij 



(n-l)(n-2) (n-l)(n-2) 
V,R2 1 



VjiRicp 



(n-l)(n-2) (n-l)(n-2) 



VtlRicP 



2 R V R ''+^ 



n-2 



n + 1 



-R,,VfcR + 



n+ 1 



n+ 1 



n - 2 '^ ^ "^ n-2 

2(n-l)(n-2)^*P'P''^^ 






+ 



2(n-l)(n-2)"*^ 

3n — 1 2 1 

VfcRRjj H — — R(VjRjfc + Cjjfc + — — — -p-(VfcR5jj — ViRgjk)) 

VjRRjfc 



2(n-l)(n-2) 



I 2 p V7 R I ^+^ p V7 R I ^+^ p r ^ 
~r „J^fcp^jrtjp -r ^ ^ xxjp V pX\,/jj -r ^'^ip^kpj ~r 



n-2 



n + 1 



n-2 
-RjpVpRfifjfc 



n-2 
3n-l 



2(n-l)(n-2) 



2(n-l)(n-2) 



VjRRjfc 



2(n-l)(n-2)" 

2 1 

-;^^3^R(ViRjfc + Ckij + 2(^ _ 1) (VjRg^fc - ViR^jfc)) 

— 2WjfcZpViR/p — 2RipVfcWpjj7 + 2Rp;VjWpjfc/ 

2 2 

+(n + 2)RpjCpfcj) H ^^{CpjiRpiQik - CpkiRpigij) H ^-rRCjjfc 

—'i^pikiCpji + 2WpijiCpki — 2CpiiWjkip 

1 






V,R2 



2(n-l)(n-2) (n-l)(n-2) ^' ' 



V.R2 



1 



L2(n-l)(n-2) (n-l)(n-2) 



VJRicI 



2 1 

-RjpVfcRjp H -VfcRRjj 

At ^ /t ^ 



+- 



r-Ti-fcp Vjxljp 



1 



rVjRRjfc 



n-2 "'^ ^ '^ n-2 
+2R/pVj Wpifcz - 2RipVkWpiji , 

where in the last passage we used again the identities (1.4) and the fact that 

WjfcjpViR/p = WjkpiViRpi = ^ jkpN iRip = —^ jkip^ iRip ■ 

Hence, we can resume this long computation in the following proposition, getting back to a generic 
coordinate basis. 
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Proposition 4.1. During the Ricci flow of a n-dimensional Riemannian manifold {M^,g{t)), the Cotton 
tensor satisfies the following evolution equation 



{dt - A) C,,fc = ^^ [gP'iRp, {Ckgi + Cgk^ + (n - 3)C^kp) 

+(n + 2)gP''R,pCgkj - g'"'RpkiCjg^ + C,j, + (n - 3)0^^-,) 
2 2 2 

H ^IjRCjjfc H ZT^^'^ Cqjigik ZTo^'^ ^qkWij 

1 — — ■ |2„ 1 V7 lt>;„|2. 



-VfcjRicI gij - — — -VjlRicI gik 



(n-l)(n-2) "' ' ^'^ (n-l)(n-2) 
(„_l)(j^_2)''^'^^*'= (7i-l)(n-2) 



+ ^^^''RpfcVjR.yi ^/«Rpj VfeRgi + rRy VfcR rRifcVjR 

n — 2 i'j'j n — 2 n — 2 n — 2 

-2gP'iWpikiCq,i + 2gPmpijiCgki - 2g^''W jkipCqii + 2/'?RpiV,W,a.i - 2gP'iRpiV k"^ qi,i 



In -particular if the Cotton tensor vanishes identically along the flow we obtain, 



-Vfc|Ricp5jj - — — ■VjiRicps'jfc 



(n-l)(n-2) "' ' ^'-^ (n-l)(n-2) 

R R 

+ (^ _ i)(n - 2) ^^^''^ " (n - l){n - 2) 



n — 2 f J ■i n — 2 n — 2 n — 2 

-2gPm,kipCqii + 2gP'iRpiVjV^q,ki - ^g^'^RpiV k^ ^^^i , 



while, in virtue of (1.3), if the Weyl tensor vanishes along the flow we obtain 



Vfc|Ricp5ij - — — -VjlRicpffifc 



(n-l)(n-2) ' '""^ {n-l){n-2) 

' Vj-Rs-ifc - — ^VfcR^jj 



(n-l)(n-2) ^ ^'" (n-l)(n-2) 

+^^/''RpfcV,Rgi - -^g'"'Rpj\/kRq^ + -^RijVkR ^R,fcV,R. 

n — 2 i- J -i n — 2 n — 2 n — 2 

Corollary 4.2. During the Ricci flow of a n-dimensional Riemannian manifold {M"',g{t)), the squared norm 
of the Cotton tensor satisfies the following evolution equation, in an orthonormal basis. 



(^C/i — Aj |Cjjfc| — — 2|VCjjfc| T^-'ipfe^iqfcRpg H :^CipkCkqiRpq 

H ^Rl^ijfcl H ^CijkRpk^jRpi H —CijkRijy kR 



+8C ijkRipVjWpiki - SCijkCpjiWpiki — 4:CjpiCijkWpiki ■ 
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[dt — Aj\Cijk\ — —2\VCijk\ + 2Cjjfc — — — [{Rpj{Ckpi + Cpki + (n — 3)0^^^) 

+ (n + zjKpjCpfcj — Kpfc^Cjpj + y^pji + (n — ojCjjpj) 
2 2 2 

re — 2 re — 2 n — 2 

+7 TVf ^VfclRicpffij - — —Vj\mc\'^gik 

(n-l)(re-2) (re-l)(re-2) 



R 

(n-l)(re-2) ■'' ^'''~ (re-l)(re-2) 
2„ 2„ 1„ 1 



+71 T\7I ^Vjf^^^fc - 77 T\7I ^^fc^^ij 



H ^rRgfcVjRgi ^RgjVfcRgj H -Rj, V^R -RjfcV,R 

re — 2 re — 2 n — 2 re — 2 

— 2Wpjfc;Cpj; + 2WpijiCpkl — 2WjklpCpii + 2Rp;VjWpjfe; — 2Rp;VfcWpjfc; 



|2 



8n ^ ^ _ 4re + 16 



H ^j^l^jjA:! H ^T^ijfcRpfcV jRpj H -CjjfcRjjVfcR 

+8CjjfcR;pVjWpjfc; — 8C ijkCpjiWpiki - -iCjpiCijkWpiki ■ 

Remark 4.3. Notice that if n = 3 the two formulas in Proposition 4.1 and Corollary 4.2 become the ones 
in Proposition 2.1 and Corollary 2.5. 

References 

1. A. L. Besse, Einstein manifolds, Springer-Verlag, Berlin, 2008. 

2. H.-D. Cao, B.-L. Chen, and X.-P. Zhu, Recent developments on Hamilton's Riccifloiv, Surveys in differential geometry. Vol. 
XII. Geometric flows, vol. 12, Int. Press, Somerville, MA, 2008, pp. 47-112. 

3. H.-D. Cao and Q. Chen, On locally conformally flat gradient steady Ricci solitons, Trans. Amer. Math. Soc. 364 (2012), 2377- 
2391. 

4. G. Catino and C. Mantegazza, Evolution of the Weyl tensor under the Ricci flow, Ann. Inst. Fourier (2011), 1407-1435. 

5. S. Gallot, D. Hulin, and J. Lafontaine, Riemannian Geometry, Springer-Verlag, 1990. 

6. R. S. Hamilton, Three-manifolds with positive Ricci curvature, J. Diff. Geom. 17 (1982), no. 2, 255-306. 

(Carlo Mantegazza) ScuoLA NoRMALE SuPERiORE Di PiSA, PIAZZA Cavalieri 7, Pisa, Italy, 56126 
E-mail address, C. Mantegazza: c .mantegazzaSsns . it 

(Carlo Mantegazza) ScuoLA NoRMALE SuPERiORE DI PiSA, PIAZZA Cavalieri 7, Pisa, Italy, 56126 
E-mail address, S. Mongodi: samuele .mongodi@gmail . com 

(Michele Rimoldi) DiPARTiMENTO DI SciENZA E Alta Tecnologia, UniversitA degli Studi dell'Insubria, Via 
Valleggio 11, CoMO, Italy, 22100 

E-mail address, M. Rimoldi: michele . rimoldiSgmail . com 



